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ABSTRACT

A simple model is presented where response to forcing with components at 20K, 40K and 100K yr (where"
forcing, however, is strongly dominated by 20K yr) is primarily at 100K yr. The main features of the model
are a very sensitive response of the snow and sea ice line to solar input, a threshold to transitions between large

~ snow and sea ice coverage (to 537 latitude) and very little snow and sea ice coverage, and a glaciation cycle

forced by the snow and sea-ice line position.

1. Introduction

" The “100 000 year” climate cycle of the last 700 000
years has been so thoroughly discussed in the literature,
that there is little point in repeating the discussion here
(see Imbrie and Imbrie, 1979). Figure 1 shows a time
series for & 130 variations, obtained from five deep sed-
iment cores (Imbrie et al., 1984). The common inter-
pretation is that the fluctuations are due to variations
in glaciation. Although the periodicity is predominantly
at 100K, other frequencies are clearly present. This is
demonstrated in Fig. 2, which shows a power spectrum
based on a 500K time series (Mason, 1976). Discernible
but smaller peaks near 40K and 20K are present.
Moreover, Fig. 1 suggests significant irregularity prior
to 500K BP (before present).

Croll (1875) and (more thoroughly) Milankovitch
(1930) argued that these glaciation fluctuations were
forced by orbital variations and the associated changes
in insolation. The orbital fluctuations consist mainly
of three components (Berger, 1978):

1) precession of the position of the earth on its orbit
at equinox (essentially the precession of the axis of ro-
tation) with periods of 19K and 23K;

2) obliquity variations (i.e., changes in the tilt of the
rotation axis) with a period of 41K; and -

3) changes in eccentricity with a period of 100K.

For simple climate models, it is difficult to translate
the above into forcing; however, there is little question,
for example, that item 1 is much larger than item 3.
This leads to the most obvious problem: namely, why
the response to item 3 is so much greater than the
response to item 1. Another less obvious problem is

"that, averaged over the globe, the insolation changes
due to all of the orbital factors amount to no more
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than a few tenths of a percent of the solar constant
(Suarez and Held, 1979). The ice ages seem a rather
large response to such small forcing. Despite this, pa-
leoclimatologists have recently argued strongly in favor
of the Milankovitch hypothesis, having shown excellent
phase coherence between glaciation variations and or-
bital variations (viz. Imbrie et al., 1984).

The usual approach, following Milankovitch (1930)
has been to argue that insolation fluctuations at high
latitudes in summer are of primary importance for gla- .
ciation. Presumably, such fluctuations determine
whether snow deposited in winter melts or not in the
summer. In the latter case accumulation will occur.
Orbital variations do provide substantial fluctuations
of this type. Indeed the obliquity variations (item 2),
which when averaged over the year go to zero, become
very important in this scenario. This scenario too has
difficulties. As noted.by Broecker (1984) the preceding
scenario would lead to glaciation in the Northern
Hemisphere out of phase with glaciation in the South-
ern Hemisphere. On the contrary, glaciation occurred
essentially simultaneously in both hemispheres. A nu-
merical simulation of this scenario (Suarez and Held,
1979), moreover, was dominated by a 40K-year peri-
odicity with almost no 100K component.

A final feature of interest has emerged from the re-
cent observation of Berner et al. (1979) that atmo-
spheric CO, varied with glaciation from about 300 ppm
during interglacials to 200 ppm during glacials. Ac-
cording to Lindzen et al. (1981) the radiative effect of
such changes is comparable to variations in the solar
constant of a few tenths of a percent, i.e., of the same
order as the changes associated with orbital variations.
The origin of the CO, fluctuations has been actively
studied (Knox and McElroy, 1984). Observationally,
the CO; effect represents a positive feedback so that it
does not directly account for climate oscillations—in
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FIG. 1. Variations of 8 '®0 vs time. The upper curve is an average
over five deep-sea cores. The lower curve is a smoothed version of
the upper curve. From Imbrie et al., 1985.

particular, for the dominance of the 100K period. A
somewhat more subtle role will be discussed in section
2. The CO; effect does appear capable of contributing
to the simultaneity of glaciation in Northern and
Southern hemispheres, since CO, anomalies are rapidly
transported.

The primary purpose of the present paper is to de-
scribe a simple and physically plausible climate model
that produces glaciation cycles of primarily 100K pe-
riods in response to forcing that is dominated by 20K
periods. The model itself, as well as a numerical ex-
ample, will be given in section 2. The salient features

of the model are concisely summarized in section 3,

where we also examine the robustness of the results in
section 2. Section 4 briefly presents some critical re-
marks.

Before proceeding, however, it may be worth re-
marking on an alternative approach to the problem of
100K -year climate oscillations—an approach that has
been fairly popular in recent years. It is common when
confronted by a large response to small forcing to seek
resonances that, in turn, call for systems that freely
oscillate near the desired period. Within the atmo-
sphere-~ocean system alone free oscillations of such long
period are virtually impossible. However, a number of
recent papers (Ghil and Le Treut, 1981; Peltier and
Hyde, 1984; Saltzman et al., 1984, among others) have
developed glacier models that can be tuned to oscillate
at appropriate frequencies. At present, these models
depend on posited feedbacks (between precipitation
and glaciation, for example) which seem questionable
at best. However, the possibility of such resonance re-
mains. Suffice to say, no such possibility of free oscil-
lation exists in the present model. Indeed, the only
glacial physics included in the present model is that
glaciers tend to grow or decay in response to whether
the climate is cold or warm and that the relaxation
time for glacial response is O(17K years). Some limi-
tations of such a naive approach are discussed in sec-
tion 2. .
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2. The model

It should be stated at the outset that we are not pro-
posing a deductive theory of the 100K-year cycle. We
question whether this is even possible at this stage.
What we are presenting instead is a physically based
simple model for climate and glaciation that has the
property of responding to forcing strongly dominated
by 20K periodicity with a glaciation cycle strongly
dominated by a 100K period. The model also offers
some insights into why intervals dominated by the
100K cycle are rare.

We begin with an energy balance model along the
lines developed in Lindzen and Farrell (1977, 1980).
The physics of these types of models is discussed in
detail in these papers. In this paper we will confine
ourselves to so-called annually averaged models. Such
models are, in reality, not annually averaged; rather,
they are seasonless models subject to annually averaged
insolation. The fact that seasonally dependent features
of the Milankovitch mechanism are not observed
(Broecker, 1984) offers some hope that a seasonless
model may be adequte, but problems of interpretation
remain. We return to this point briefly in this section.

We next assume the Milankovitch hypothesis to be
correct. As noted by Lindzen and Farrell (1977), the
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FIG. 2. Power spectrum of a time series of observed § '*O over the
last 600K years. From Mason, 1976.
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earliest models by Budyko (1960) and Sellers (1969)
were inconsistent with this -hypothesis because the
changes in insolation required to significantly shift the
ice/snow boundary were much greater than is provided
by orbital variations. The traditional curve of x; (x;
= sind,, where 6, is the latitude of the ice/snow bound-
ary) versus Q (the insolation) is shown in Fig. 3. Also
shown in Fig. 3 is Lindzen and Farrell’s hypothesized’
curve, which would be consistent with the Milanko-
vitch mechanism. Lindzen and Farrell (1980) were
subsequently able to show that an energy balance cli-
mate model where simple diffusive or linear heat
transport was replaced by baroclinic adjustment and
. where static stability was increased over ice/snow sur-
face (as found by Held, 1976) would, in fact, yield an
x; versus Q curve like that needed for the Milankovitch

mechanism to work. This curve is shown in Fig. 4.

Note that for Q/Q = 1, the least positive perturbation
will move the ice/snow boundary to the pole while the
least negative perturbation will move it to 53°. More-
over, larger positive perturbations will, obviously, not

move the boundary beyond the pole, while larger neg- -

ative perturbations will not move 6; much below 53°
because of the increase in climate stability for 8; < 53°.
. Figure 4 is simply meant to show that the stability curve
required by the Milankovitch is physically achievable.
Regardless, however, of the correctness of baroclinic
adjustment, such a curve is required if we accept the
Milankovitch hypothesis. Without any loss of gener-
ality we can replace x; with a variable, S, having the
value —1 for x, = 1 and +1 for x; = 0.80 (8, = 53°).
The sensitivity of x, to small fluctuations is indicated
by the substantial interannual variability of this quan-
tity. However, the present work ignores such short pe-
riod fluctuations. In the present model, with values of
" Q/Qp near one, S w111 in fact, always reside near either
S=+lorS=-1!
The next feature of our model corncerns the transi-
. tions between S = +1 and S = —1. If we ignore the
-small unstable region near the pole, then it would ap-
pear that any small perturbation in Q will move S be-
tween +1 and —1. However, in the presence of the
instability at S = —1, Q will have to overcome a thresh-
old before S goes to +1. This instability (known ‘as the
“small ice cap” instability) originates in the difference
between the snow/ice boundary being at the pole and
there being no snow/ice at all. A discussion of this in-
stability in the presence of diffusive heat transfer was
given by Lindzen and Farrell (1977) and Lindzen and
Farrell (1980) found it to also occur for baroclinic ad-
‘justment. It has been noted by Held and Suarez (1974)
that the instability does not exist for all models of heat

' Of course, in a seasonal model, S = +1 will be associated with
some finite ice/snow in winter, while § = —1 will be associated with
some ice/snow retreat in summer.
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FIG. 3. The position of the ice/snow line vs solar constant. Shown
are Budyko’s (1969) curve and an idealized curve from Lindzen and
Farrell (1977 ).
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transport. However, North (1984) has recently argued
for the reality of this feature. In addition to the “small
ice cap” instability, CO, may provide a threshold
mechanism as well. From the observations of Berner
et al. (1979) and the theoretical models of Knox and
McElroy (1984), it seems conceivable that S = —1 will
lead to an increase in CO, which is equivalent in its
effect to an increase in Q. Thus, to move to S = +1
will require Q/Q, to fall beneath a finite threshold.
Similarly, if S = +1 we may expect a decrease in CO,
equivalent to a decrease in @, and to move to S = —1

will require Q to move above some finite threshold.

The effect of these thresholds is schematically illustrated

in Fig. 4. Our model assumes the existence of some

such threshold mechanism. Let us pause to review our
maodel to this point. Let

00— 1 = 1), (1)

The response of S'to (1) will depend on the initial value
of S. If S = —1 initially, then S will changeto S = +1
when f{f) < f; and S will change back to S = —1 when
f(t) > £ > fi. To make matters more concrete, let .

sin —— U + 1 2t )
20K 48U 0K
= eg(0), Q)

where ¢ is some small number that we are unable to
estimate at this point, but which represents the trans-
lation of the orbital forcing discussed in section 1 into,
a perturbation of Q/Q,. For simplicity, we have ap-
proximated the period of the first orbital effect by 20K,
and the second effect by 40K. This leads to g(¢) being
periodic with a period of 200K. To simulate the dom-

27t
f) = e(az sin ——— TOOK + as
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FIG. 4. The position of the ice/snow line vs solar constant as calculated by Lindzen
and Farrell (1980). Also shown are the paths for climate transitions between x, = 1
and x, = 0.8, including threshold effects associated with both polar nonuniformity and
CO; effects. See text for details. .
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FIG. 6. Model variations of the ice/snow line associated with the
variations of heating given in Fig. 5.

inance of the first orbital effect, let us take a, = 1,
as = 1 and ao = 4; g(#) is shown in Fig. 5. Next let
us (by way of example) choose as our thresholds f;/e
= —3, and fo/e = +3, and take S(0) = —1. The resulting
S(#) is shown in Fig, 6. It is quite clear that S(¢) displays
more long period variability than does g(¢). This is
made clearer by Fourier decomposing S(2):

i 2wnt
S@) = n i nl
() EOS s.m(200K+<p)

(3)

Table 1 gives S, and ¢,; Fig. 7 shows the normalized
power spectrum for S(z). While 20K supplies 16 times
more power to g(f) than does IOOK, their contributions

to S(#) are almost equal. From Table 1 we also see that

the threshold operator introduces phase lags relative
10 g(¢). In section 3 we will discuss the effects of different
thresholds and of asymmetric thresholds. For the mo-
ment we will simply note that symmetric thresholds:

~ between *£2.49 and £3.69 give identical values of S(¢);
i.e., the results described are quite robust. Behavior for
other thresholds and for asymmetric thresholds is given
in section 3.

Of course, S(¢) in Fig. 6 does not look like Fig. 1. It
is important, at this point, to recognize the sometimes
ignored fact that x(¢) [or S(#)] does not refer to glacia-
tion; rather it refers to fast-responding surface features

TABLE 1. The amplitude and phase of S(¢)
at the forcing frequencies. .

Frequency ' Phase*
(1/100K) Amplitude (deg)
2 o 0.67 -8
5 0.55 -16
10 . 0.75 -40

* Relative to forcing.
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Fi1G. 7. Normalized power spectruni of the
ice/snow variations in Fig. 6.

like snow cover and sea ice, which increase albedo. A
glacier with a wet surface has an albedo characteristic
of water for example. The connection between glacia-
tion and S(¢) leads to the last feature of our model:
namely, although S(¢) does not describe the extent of
glaciation, it almost certainly is what forces glaciation.
Thus, if we let G = glaciation, we may write '

gg=S~aG.

4 2
dt ( )
According to Imbrie and Imbrie (1980), @ = 1/17K
while Weertman (1964) suggests a = 1/(12K — 20K),
consistent with Imbrie and Imbrie whose value we will
adopt. Equation (4) is trivially solved for G in terms
of S , '

t

G=GO)+e™ j e S(t"dt' (5)

()
where G(0) is chosen to yield 200K periodicity in G.
If one did not so choose G(0), the model would even-
tually still settle into such a periodicity. Figure 8 shows
G(t) corresponding to the S(f) shown in Fig. 6. Clearly
the response of G to S'is roughly inversely proportional

- to frequency, and therefore further emphasizes longer

periods (100K vs 20K). Indeed G(¢) bears a remarkable

* qualitative resemblance to Fig. 1. The primary differ-

ence is that Fig. 1 tends to show more rapid deglaciation
phases than are seen in Fig. 8. This is almost certainly
associated with the absence in our model of explicit
glacial physics. Pollard (1983) argues that the rapid re-

2 Since (4) is linear, the sealing of G is irrelevant for our purposes.
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FIG. 8. Normalized variation of glaciation, G(¢), produced by model.

treat is associated with calving. Such features do not
appear to be crucial to the overall picture presented in
this paper.

Table 2 gives the Fourier coefficients of G(#) while
Fig. 9 shows its power spectrum as well as that of g(¢).

For G(r), 100K is about as dominant as 20K is for g(¢). .

More to the point, Fig. 9 closely resembles Fig. 2.
One additional matter deserves mention. Imbrie et
al. (1984) found that glaciation at a given frequency
lagged behind orbital fluctuations at.the same fre-
quency. Moreover, the lag at 20K was about 75° greater
than the lag at 100K. This difference is about 3 times
greater than the relaxation coefficient in Eq. (4) would
suggest. However, the results in Table 2 are in good
agreement with the observations because of the addi-
tional phase lag introduced by the threshold operator.
To be sure, only relative, and not absolute phases are

in agreement, but as Saltzman et al. (1984) point out,

there is some plausible uncertainty in absolute phase.

3. ‘Further analysis
In section 2 a climate model with the following cru-

cial features was introduced.

TABLE 2. The amplitude and phase of G(f) (normalized)
at the forcing frequencies.

Frequency Phase*
(1/200K) Amplitude (deg)
2 0.59 -55

s 0.25 ‘—85

10 0.18 —-120

* Relative to forcing,
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FIG. 9. Normalized power spectrum of the glaciation shown in
Fig. 8. Also shown is the normalized power spectrum of the model
solar heating variation shown in Fig. 5.

ta) The ice/snow line could be anyplace between
the pole and 53° for a constant Q = Q, (one might
refer to this as a regionally neutral climate).

1b) It follows from 1la that if Q = Qp, any pertur-
bation above or below @, will drive the ice/snow line
to the pole or to 53°, respectively.

2) Once the ice/snow line is at the pole (at 53°), it
becomes necessary for Q to fall below (rise above) Qg

- by a certain threshold in order for the ice/snow line to

move to 53° (the pole).
3) The position of the ice/snow line is the forcing
for glaciation.

Within the context of the above model, the crucial
parameter determining whether one has a Milanko-
vitch cycle or not is whether Q is sufficiently close to
0. As noted in Lindzen and Farrell (1977), Q can be
viewed as not merely a measure of the solar constant
but as a general descriptor of the radiative budget;
changes in infrared properties and albedo can also gen-
erally be interpreted in terms of changes in Q. We shall
expand on the meaning of “sufficiently close” shortly,
but briefly we mean close compared to the variation
in Q produced by orbital changes. Paleoclimatological
data indicates that this condition, in fact, has rarely
been met in the history of the earth.

In section 2, we showed that for a particular choice
of forcing (i.e., a particular set of relative forcing am-
plitudes at 20K, 40K and 100K periods), a particular
choice of threshold led to a response in glaciation which
was strongly dominated by the 100K period even
though the forcing was comparably dominated by the
20K period. In this section we will investigate the sen-
sitivity of the preceding result to the choice of threshold
fora, =1, as = 1 and a,; = 4 in Eq. (2). Other choices
of a,, as and a,o lead to qualitatively similar results.
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