Mav 1971

RICHARD S,

LINDZEN 609

Equatorial Planetary Waves in Shear: Part I

RicaarD S. LinDzEN!

Dept. of the Geophysical Sciences, The University of Chicago
(Manuscript received 20 January 1971, in revised form 16 February 1971)

ABSTRACT

The method of multiple scales is applied to the problem of the propagation of internal equatorial Yanai
and Kelvin waves through shear. Analytic formulas for the various wave fields are obtained, and the role of
dissipation and the behavior of momentum and energy fluxes are investigated. Results are compared with
both numerical calculations and with observations. From the latter, we are able to estimate the dissipative

time scale in the tropical stratosphere.

On the basis of the above findings, the Lindzen-Holton model of the quasi-biennial oscillation is modified.

1. Introduction

For several years now, long-period (5-12 days),
planetary-scale internal waves confined to the neighbor-
hood of the equator have been observed (Yanai and
Maruyama, 1966; Maruyama, 1967; Wallace and
Kousky, 1968a, b; Kousky and Wallace, 1971). Such
waves were predicted by Lindzen (1967) and further
described for simple shear-free atmospheres by Lindzen
and Matsuno (1968) and Holton and Lindzen (1968).

In Lindzen and Holton’s (1968) theory of the quasi-
biennial oscillation such waves play an essential role
as transporters of mean zonal momentum. Lindzen and
Holton assumed the existence of internal equatorial
waves with a wide range of zonal phase speeds whose
momentum was transferred to the mean flow through
critical level absorption.? Critical level absorption for
internal gravity waves had been analyzed in some detail
by Booker and Bretherton (1967) for a non-rotating
atmosphere and by Jones (1967) for a plane rotating at-
mosphere. [Dickinson (1970) has since analyzed the
critical surface absorption of Rossby waves.] Such
analyses are not available for internal equatorial waves
where the introduction of shear leads to a mathematical
problem which is nonseparable in its dependence on
height and latitude. However, numerical investigations
by Lindzen (1970) and Holton (1970) have shown that
these waves, too, are absorbed at critical levels.® Both
of these studies also dealt with the effects of shear zones
without critical levels. This case is of importance in

1 Alfred P. Sloan Research Fellow.

2 The critical level is that level at which the mean horizontal
flow Doppler-shifts the wave frequency to zero.

3 Strictly speaking, Lindzen (1970) only investigated the be-
havior of the gravest easterly mode (called the Yanai wave) and
the gravest westerly mode (called the Kelvin wave). Holton (1970)
studied only the Kelvin wave.

relating calculations to observations. It is especially
important in the light of the recent observational
finding that substantial cxchanges of momentum with
the mean flow occur in the absence of critical levels
(Kousky and Wallace, 1971). Unfortunately, the
numerical procedure is cumbersome and time-con-
suming. Hence, the numerical procedure is ill-suited for
comparisons with data. However, the results of Lindzen
(1970) and Holton (1970) away from critical levels are
so smooth and simple seeming as to suggest the possi-
bility of an analytic asymptotic analysis along the lines
of a WKB analysis for ordinary differential equations
[see Morse and Feshbach (1953) for example]. The
main purpose of this paper is the development of such
an analysis for Yanai and Kelvin waves. Not only are
the results of interest, but the analysis itself is of
interest dealing as it does with a nonseparable partial
differential equation with apparent singularities. In
the remainder of this paper I will consider the momen-
tum flux due to these waves, and compare the present
results with both numerical results and observations.
Comparison with observations will give insight into the
magnitude of damping in the stratosphere. I will,
finally, re-evaluate in the light of our new observational
and theoretical knowledge, the relation of these waves
to the quasi-biennial oscillation.

2. Equations

In this paper we shall use the identical equations
used in Lindzen (1970). We will consider linearized
waves in a Boussinesq fluid on an equatorial 8 plane.
Both perturbations and the basic state are taken to be
in hydrostatic balance. The basic flow U is taken to be
purely zonal, dependent only on height, and in geo-
strophic balance. The basic state is characterized by a
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constant stability S where
d
§= ——(Inp), 1)
Jz

where 5 is the basic density. The Richardson number of
the basic state is assumed to be large. The dependence
of the perturbations on time ¢ and west-east distance
% is taken to be of the form

e'i(lc:c+mt), (2)

where  is the wave frequency, and % the zonal wave-
number. The resulting perturbation equations are

aU
(o ikU-+a)u-+o—= —ik®-+8y, 3)
2
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By dU
(uo—i—ku—}—a)———wS-i—-— —uo=0 6)
p g dz
'Lku—{- +— =0, 7
dy 0z
where
dp
P=—; (8)
F;

« is an arbitrary damping coefficient; %, v, w, 8p and
dp are the perturbation zonal, southerly, and vertical
velocities, and pressure and density, respectively; y
and z the southerly and vertical distances; 8 is 2Q/a;
a and Q the earth’s radius and rotation rate; and over-
bars refer to the basic state. Taking the Richardson

number as
. . a\(ﬁ dU 2
(twtikU—+a)p= —a——Byu, 4 Ri=gS/ (_~) , (9)
y dz
0% op . .
—_——=—f (5) and dropping terms O(Ri™!) compared to one, we can
9z p derive from Eqgs. (3)-(7) a single equation for &:
% 9 3%  dUBy? U 0%
e e e e
022 dz dy?  dzlLgS az? 0z

where
d=w+kU—ia.

We shall adopt the convention that >0, in which case
westerly waves are associated with negative %, and
easterly waves with positive %.

Details may be found in Lindzen (1970). Other fields
are related to ® by the following equations:

V= (8t — ) [zkﬁy@—w(?fﬂjiﬁ)@], (11)

gS dz 9z Ay
op 19%
—_——— (12)
p g 9z
1 ( 6<I>+ avu > 13)
w=—{ —id—+By—
&S 03 dz
1 /0%
u= ———(—-l—icﬁv). (14)
By\dy

The Boussinesq approximation is by no means
necessary, though it helps simplify an already cumber-
some problem. Its main effect is to eliminate a factor

~t that would otherwise appear in the solutions for

0® Sk
— 2658+ [8(B*+a") a8’y ~ Y 8 =0,
w

(10)
y

u, v, w, ép/p and ®. The results are otherwise similar
provided that S is identified with (1/T)[(0T/dz)
-+ (g/cp)] in the atmosphere.

Our boundary conditions on & will be ®— 0 as
y*— o, We will assume that a wave is forced at
z=0, and only the upward travelling wave will be
considered.

3. Mathematical solution

The problem we are confronted with is obtaining an
approximate analytic solution to (10). Numerical
solutions for certain cases were obtained in Lindzen
(1970). The procedure I shall use is the “two-variable”
technique described in Cole (1968). In order to use this
technique, the characteristic scale for the variation of
U(z) must be much larger than the characteristic
vertical scale of the waves we are solving for (essentially
a local vertical wavelength divided by 2r). Since the
latter is about 1-2 km for observed waves, this is not a
particularly severe requirement. The next step is to
replace z by “‘slow” and “fast” height variables (U being
taken to be a function solely of the slow variable),
where the slow variable is of the form

1, (15)

T=¢€3,
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where € is chosen so that the r derivatives of U are of
order unity. Then,
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where f(r) is determined in the course of solution. In
addition, because (10) is nonseparable in its z and y
dependence, it proves necessary to replace y by a scaled

U  dU ;
o —w, (16a) variable
dz  dr g=y/i(1), (18)
PU ST where
== 2[J". (16b) I=l(r)+es(r)+- -, (19)
dz? dr?
For our “fast” variable we choose and where ly, 1, ..., are also determined in the course
of solution. Now,
2= [ sty a7) 3= (2,8,), 20)
0 and
0% 0®  tdl 9d
—=e—f(r)——e——, (20a)
9z or 98 ldr 9t
0 19¢®
S (20b)
ay 10t
0%® 1%
T (20c)
dy* 12 3¢
P € P f 3P Edl 0?20 1dl ad
= I — e —— e — — (20d)
0zdy 19gdr 1980t IPdr 08 dr 0
2P 9P 92 Edl 3P df a® %P 0*® £dl %@
———=e|:e———+ —e— :l—{—l:e——— ef—+ fr——e— :I
dz? dr2 9207 ldr 9EdT dr 0% 0297 082 I 9r 929t
dinl 3®  dlnl 34*® dInl 9%® dinl/dinl 0®  dlnl 3%
—6[65 —teb— —f —GE——<— —+E— —“>] (20e)
dr? 9¢ dr 9fdr dr 0£0% dr 9f dr &
Substituting Eqs. (20a)-(20e) into (10) we get
920 9@ df 08  dinl 0% 92®
re-o] Pt 2t —2 E—-—f—>+0(e“’)}+2{i‘£(ﬁ°~'l2£2—‘2)eU’[f——+ 00
032 339t dr 92 dr
%P

1
+gS (B —6%) - —+-BeU [ —
12 9g2

In order to complete the ordering of (21) in terms of
powers of ¢, we must introduce (19) for / and also
assume for ®

©=¢0('§777£)+€®1(§)T7$)+ e

Then to zeroth order in e (21) becomes

(22)

%@,

(3222302_

0P P
(ﬂ2lzéz+c%2)+0(62)][f37+0(e)]—ZgSﬁzsgs—
z

Sk
+%—m$2l2£2+62) —ko(p—6%)]8=0. (21)
+ (62521 %) — [ : a%]
U adl (el —a?) ot
&Sk
+ DB +0Y) — OB 1~ ] =0, (23)

Eq. (23) involves 7 only parametrically, and its solu-
tions are simply those given in Lindzen (1967), Lindzen
and Matsuno (1968) and Holton and Lindzen (1968).
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There are a countably infinite set of these solutions
designated by n=—1, 0, 1, 2, . For each of the
solutions, the scaling factors, f and /,, turn out to be
related simply as

B?lo4=igf§=gh<">, (24)

where 4™, the equivalent depth of tidal theory” (viz.
Chapman and Lindzen, 1970), is determined for each
n. This means that 8 and & represent different scalings for
each n. Once ®¢(™ is obtained, the remaining fields to
zeroth order in e are given by [see Eqs. (11)-(14)]

1 9%,
o= (BUe2E2— & 2)—1(ikﬂlogq>o—m— —) (25)
ly 9%

0

1
Wo=—0 Py, 26)
0 p Swf 0 (
1 71 9%,
Uy= ——(— ——-I—ié)vo), 27
Bl 0
dpo 7
= ——f®o. (28)
p g

For n=—1, we have the Kelvin wave discussed by
Holton and Lindzen (1968) for which

&g 1=Aq7!(r) exp(—£%/2) exp(i8), (29)
= 30)

Since the Kelvin wave is westerly, £ is negative. In
general, 4,™ will be determined at first order in e
(as will 7). For n=0 we have the Yanai wave discussed
in Lindzen and Matsuno (1968) for which

By =A@ (r)[2¢ exp(—£%/2)] exp(i2),

-2 /(2)

fl e o 1

(1)

32)

(B¢l +0?)
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where s=ak, corresponding to the zonal wavenumber
at the equator (i.e., the number of waves around the
equatorial latitude belt). Since this wave is easterly,
k is positive.

For n>1, the solutions are discussed in Lindzen
(1967) and Lindzen and Matsuno (1968), and given by

By =4 ¢ (7)[—2nq(7) H n1(8) +H oy 1(£) ]

Xexp(—£%/2) exp(i8), (33)
= aQ(ZZ::—{-l)
“[(;)‘1]
< i-0) o) o)l o0
()
g(r) =—— (35)

()
—{— (n)
s gh

In addition to the solutions given by (29), (31) and
(33), there are also solutions proportional to e~%;
however, these solutions represent downward propagat-
ing wave energy.

For 2 1, since ¢(7)#%0, our solutions are no longer
simply factorizable into functions of 7, & and £ alone.
This factorizability is essential to the normal applica-
tion of “two-variable” techniques. Therefore, for
n2> 1 a somewhat new approach is needed wherein ¢ is
expanded in powers of e. The calculations for # 1 are
not yet complete, and I will restrict myself to the
Kelvin and Yanai waves (r=—1, 0) in this paper.
Since these are the only waves that have been positively
identified in the tropical stratosphere, the results should
still be of practical importance.

For n=—1 and 0, the O(e) part of Eq. (21) is

Lok
+s
w

8<I>1:|
s o ol @eii—on ot

where
%P, df d%, fdlo 32®,
I;=2f _— 37
d80r dr 02 lo dr 623£
92P, 92d, Iy 92®,
I =413 f 2-—+2B£U ’f —245——, (38)
20% I3 O

kd :lq)
(82£2,2—02) (B2 —&?) !

_ lol' I, | 3 :I 36)
gSL (B2£22—&2) ' (82822 —%)? ’

ll 02 0 (9@0
1;=2¢SB%*~ ———BU' f(8*h™+6)—
g o

0

gSk
+——2LhB* (B —kd) 0.  (39)
w

The left-hand side of (36) is exactly the same as the
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equation for &, [i.e., Eq. (23)]. Hence any part of the
right-hand side of (36) which is proportional to &,
(or more precisely, has a projection on ®;) will produce
a spurious resonant response in ®;. The general two-
variable approach is to choose 4, to suppress any part
of the inhomogeneity proportional to ®,. In the present
problem there is an additional complication; two of the
terms in the inhomogeneity are singular where §2£%?
—&*=0 and represent infinite forcings there. Now the
projection of the inhomogeneity on any zeroth-order
solution is determined by integrating the product of that
solution and the inhomogeneity over all &’s. If you use
the Cauchy principle values of the integrals, then the
projections of the term I,/(B82£%?—a?) will be finite.
However, the projections of I;/(82£%®—&?)? will still
be infinite. Therefore, it is necessary (and possible) to
choose /; so that I; is proportional to (82£%2—&?), in
which case principle values will remain finite. As I
show in the Appendix, this procedure leads to the
following solution for Iy for both #=—1 and #»=0:
UI

ll= —‘%‘i

lo. (40)
VgS

In addition, as shown in the Appendix, it is fortunately
the case for the above choice of /; that

I, | I3
(ﬂzgzloz_w) ! (62£2l02_‘32)2_

Thus, the determination of A, requires only that 7; have
no projection on $.

0. (41)

Now,
dA,D
— 2

nevy o exp(—£%/2) )
{ L0 } =2if: 24, exp(i8)

2 ¢ exp(—£*/2)

r

af (40P exp(—£%/2)
—l—i—{ ]{ exp(i8)

dr 124,®¢ exp(—£2/2)

f dlo 0 q)o(—l)
—2i— ——5——{ } (42)
lodr g D@

The first two terms in (42) are proportional to ®,™.
The projection of the third term is given by

b 0P,
/ Dot——dt
fdloJ o VI3 {Ao(—l) exp(—£%/2)

® 2409% exp(—£/2)
/ Bo?dt

.t dlorlo(_” exp(—£%/2)

=—1——
lo dT 2A0(0)E exp(—£2/2)

} exp(ig)

%mm(w
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where the integration has been performed by integrat-
ing by parts.
Thus, the projection of 7; on &, is proportional to

d4o df fdl

P=2f—+—A¢+-—A,, (44)
dr dr o dT
where P=0 implies
1 d4, 171df 1di
—_ = ——(——— ———). (45)
Ao (}ET 2 de lo dT
Eq. (45) is immediately integrable, yielding
constant
Ao=———. (46)
Vil

The interpretation of Ao is quite simple. The 1/ \/.—f
dependence is what one normally gets in one-dimen-
sional WKB analyses. The present waves, however,
change in horizontal extent /, with height. The de-
pendence represents the change of amplitude needed
because the total wave energy is being confined to
narrower or wider regions.

With (46), our solution to zeroth order in e for
n=—1, 0 is complete. The remaining inhomogeneity
in I, forces an O(e) correction. However, the evaluation
of this correction requires that we know zeroth-order
solutions for #> 1. We must, therefore, content our-
selves for the moment with the zeroth-order solutions
for Kelvin and Yanai waves.

4. Review of zeroth-order solutions

In this section I bring together the results for Kelvin
and Yanai waves as derived above, together with
solutions for other fields as derived from (25)-(28).

a. Kelvin wave
Let

A

w

——EG—U’ 47
P 47)

where ¢ is the zonal phase speed relative to the ground.
Then

&, =constant X (c— U)¥ exp(—£2/2) exp(48), (48)
Vg =0, B (49)
wy= —constant X——(c— U)* exp(—£%/2) exp(i2), (50)
VS

uo=constant X (¢ —U)~t exp(—£%/2) exp(i8), (51)
dpo ‘[8_5
—=—1 constant X——(c—U) ¥ exp(—£/2)

g ; Xexp(i2), (52)
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where
g= / fdz, (53)
0
f="gS/ (=), (54)
£=y/1l, (55)
au
1 dz
Iy 1————]. (56)
2 \gS
Or using (9),
I=0(1—% Ri %), (57)
where
l=[(c—0)/87. (38)
Using (57),
1 42
exp(—£2/2) =~ exp[ — —(1+Ri“%i)]. (59)
2 132
b. Yanai wave
. p2 1
$y=constant X (U—c)*[l —;(U—C)I £
Xexp(—£%/2) exp(i2), (60)
k2 i
7o=1 constant Xﬁk‘2(U—c)‘%|:1 ——ﬁ—(U—c)]
Xexp(—£/2) exp(i2), (61)
BE~! k2 H
wo=constantx—(U—c)‘%|i1 ———(U-—c):\ £
&S 4
Xexp(—£/2) exp(i8), (62)
k2 i
uo=constantXBk‘%U—c)‘*[l _E(U_C)] £
Xexp(—£%/2) exp(i#), (63)
b k2
—TPB = —1 constant XB—— VgS(U —c)t
p g
k2 - i
X[I—E(U—O] Eexp(—£/2) exp(i®), (64)

where again (53), (55), (56), (57) and (59) hold.
However, now

_B B
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and

— 1
2

k k?

¢. General comments

The above equations [ (48)-(66)] describe waves
which are changing both their vertical wavenumber f
and horizontal extent /o, as they propagate upward
through a medium with varying zonal current U. At
the equator, the magnitude of the horizontal velocity
oscillation associated with the wave increases as
|U—c¢| decreases, and much more rapidly for the
Yanai wave than for the Kelvin wave.

The only effect of the terms in (10) proportional to
dU/dz on &, is to introduce an O(e) correction to the
horizontal scaling /. This correction is imaginary and,
as a result, the lines of constant phase are no longer
horizontal lines, but “parabolas’ defined by

8—1 Ri¥*2=constant. (67)
The bending of the phase lines corresponds to the focus-
ing (or defocusing) of the wave energy as the wave
propagates into a region where it is narrower (or wider).
When dU/dz terms are neglected in (10) as is the case
in Holton (1971), then this effect is absent since the
wave at any given level no longer knows that is is moving
into a region where its horizontal extent will be different.

d. Introduction of damping

Our equations are easily evaluated for any choices
of S, £ and w. It should, therefore, be possible to com-
pare our results with the numerical results obtained by
Lindzen (1970) and Holton (1970). However, there are
two significant differences between these results and
those in this paper. Holton did not use the Boussinesq
approximation, and both Lindzen and Holton used
finite damping a. The former can be largely corrected
by multiplying the relevant fields in the present study
by €2, where « is the height in scale heights. As con-
cerns the latter, it should be pointed out that although
our discussion has generally referred to & (and hence ¢)
as a real quantity, there is no such restriction implicit
in the analysis. Hence, the effects of damping may be
evaluated simply by adding an imaginary part, ia, to
& (see p. 610). In most of our explicit calculations,
« will only be a small perturbation to w, and its effects
will be small except insofar as it introduces an imaginary
part to f; this will give rise to exponential decay of
amplitude with height. Moreover, for small @ we can
use simplified perturbation expressions for f.

For the Kelvin wave the perturbed f is

@rl w:l

1)
/ c—UL k(c—U)

(68)
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and for the Yanal wave

g8 1 k2
0~ Vo S— —(U—
o 150 )
k2
) 2——(U—vc)
“ } 69)
kR(U— k?
(U—¢) __(U_C>J

Small o means

a<lk(c—U) for the Kelvin wave,
and

a<<k(U—c)|:1—§(U—c):|

for the Yanai wave.

In the remainder of this paper I will restrict myself
to the approximate expressions (68) and (69) when
evaluating the effects of dissipation.

Before comparing my results with either numerical
calculations or observations, I will discuss the vertical
momentum fluxes due to Kelvin and Yanai waves.

5. Vertical fluxes of zonal momentum

As shown by Bretherton (1969), the vertical flux of
zonal momentum due to linearized waves in a rotating
fluid is

Fn=puw—p fyw, (70)

where the overbar refers to a time (or longitude)
average,

v

p=—

2]

(1)

is the southerly displacement associated with the wave,
and f the local Coriolis parameter. For a plane rotating
fluid where f is constant, F,, is independent of height
provided that U —¢5<0 and there is no damping. In the
present case, however, where wave shape is changing
with height we no longer expect F,, to be locally inde-
pendent of height, but (F,), where ( ) refers to the
integral from y=—w to y=-, does prove height-
independent (providing U—c¢#0 and a=0), at least
to zeroth order in e. Since we are dealing with a
Boussinesq fluid we will consider #,,=F,/p rather
than F,.

Then, using Eqs. (49), (50), (51) and (71), we find
for the Kelvin wave that

(F )~ (ugwo)
(k) 1 =
=1 constant?——— / exp(—#9)de. (72)
VgS B/~
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Recalling that
dy=lod, (73)
and that % is negative, we have
[ exp(—£2)dE= Vr. (74)

Clearly, (F,) is independent of height for the Kelvin
wave in the absence of critical levels and damping.
Using (62) and (63) we find for the Yanai wave that

k2

L P

(ugwe) =% constant?
VS

X / " Rexp(—8)dg, (15)

and using (55), (61), (62) and (71)
k2

i (M) =4 constant?>——(U —¢)~1
vgS

X f £ exp(—£)d, (76)
where

Vrr
— a7
2

/ £ exp(—&)dE=

Neither (#qwo) nor f(yewo) are independent of height
and, indeed, they appear to blow up as U—c¢— 0.
However,

(F o) = stetwo) — fnotwo),

1 v«
=—1 constant2— —,

VgS

(78)

is independent of height.
In addition, it is easily shown [using (48), (50), (60)
and-(62)] that the quantity

(wo®s)

: (79)

A
@

which is analogous to Bretherton and Garret’s (1969)
wave action, is independent of height for both Kelvin
and Yanai waves.

Note, that (F,,) is positive for westerly Kelvin waves
and negative for easterly Yanai waves.
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Width (km)
1000 1500
! f 1] (l‘;o Damp)

Altitude {km)

il [ 1 11ty

> 3 0 120 240 360
L . AMPU (m/s) | Phase (deg.)
0 25 50 75

FLUX MOM (m%s?)

F1c. 1. A comparison of numerical and asymptotic results for
the distribution with height of the amplitude of the zonal wind
oscillation at the equator (U), the integrated vertical flux of zonal
momentum (M), the characteristic north-south half-width of the
wave (W), and the phase of the zonal wind oscillation for an
internal equatorial Kelvin wave without a critical layer. Solid
lines, asymptotic calculation with damping; dashed lines, numeri-
cal calculation with damping; dashed-dotted lines, asymptotic
calculation without damping.

In the presence of small damping both (F,,) and wave
action will decay as

exe] —2 / (e

where the imaginary part of f is given approximately
by (68) for the Kelvin wave and (69) for the Yanai
wave.

(80)

6. Comparison with numerical integrations

The comparison of the present results with those
obtained earlier by numerical integration (Lindzen,
1970) is of great interest. The numerical calculations
were tedious and very lengthy; use of the present
formulas, provided they are sufficiently accurate,
would represent a substantial gain in flexibility and
economy.

In Lindzen (1970) mean flows of the following form
were considered:

z—15 km
U=U, tanh(——).
L

Kelvin and Yanai waves in flows with and without
critical levels were studied. 4 priori, the present analysis
is inadequate at critical levels; therefore, for the
moment, we will consider the examples without critical
levels. The following choice of parameters was made in
Lindzen (1970) where the reasoning behind the choices

81)
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is discussed. For the Kelvin wave we used
Ue=0.25X51.6 m sec?, (82)
w=0.75X0.3318%, (83)
k= —3/(6400 km), (84)
while for the Yanai wave, we had
Uo=—0.25X51.7 m sec?), (85)
»w=0.75X0.3328Q, (86)
k=3/(6400 km). 87
For each of the two waves, we used
L=2.5km (88)
a=(1/40 days) exp(z/15 km). (89)

We have evaluated our formulas for the above choices
of parameters, and we have also considered the case
a=0.

In order to compare numerical and asymptotic solu-
tions we have characterized Kelvin waves by 1) ampli-
tude (of # oscillation) at the equator, 2) latitudinal
extent of solution (i.e., distance from equator where
amplitude is e~} times the amplitude at the equator),
3) total vertical flux of zonal momentum, and 4) phase
(in degrees) at the equator. For the Yanai wave, 1) is
replaced by maximum amplitude at a fixed level, and
2) by the distance from the equator to the maximum
amplitude.

The above characterizations display the major
features of the solutions without focussing on the
plethora of small-amplitude detail in the numerical
solutions.

In Fig. 1 we see numerical and asymptotic results for
the Kelvin wave, as well as the vertical distribution of
amplitude in the absence of damping. Results for the
Yanai wave are shown in Fig. 2. In general, numerical

.and asymptotic solutions are in good qualitative and

quantitative agreement; certainly, no current observa-
tions could distinguish between the two. Where signifi-
cant deviations occur (as for width and phase above
24 km for the Yanai wave), amplitudes decayed to
undetectable levels. Notice that maximum amplitudes
are 30-509%, less with damping than without damping.
The above success with our asymptotic formulas
suggests the possibility of using them when critical
levels are present. This should be especially likely for
the Yanai wave which, because of damping, is atten-
uated to a large extent well below the critical level.
In Lindzen (1970) the following parameters were
chosen for the Kelvin wave with a critical level:

Uy=>51.6 m sec™, (90)
w=0, (91)
k= —3/(6400 km), (92)






